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AN INVOLUTION ACTING NONTRIVIALLY ON
HEEGARD-FLOER HOMOLOGY
SELMAN AKBULUT AND SELAHI DURUSOY
Abstract. We show that a certain involution on a homology sphere Σ induces a
nontrivial homomorphism on its Heegard-Floer homology groups (recently deﬁned
by Ozsv´ ath and Szab´ o). We discuss application of this to constructing exotic smooth
structures on 4-manifolds.
0. Introduction
Let W be the smooth contractible 4-manifold consisting of a single 1- and 2- handle
attached as in Figure 1 (one of the Mazur manifolds).
0
W
Figure 1.
The boundary is a homology sphere Σ = ∂W. Let f : Σ → Σ be the obvious
involution obtained by ﬁrst surgering S1 × B3 to B2 × S2 in the interior of W, then
surgering the other imbedded B2 × S2 back to S1 × B3 (i.e. replacing the dots in
Figure 1). This involution interchanges the small linking loops of the two circles in
Figure 1. It is known that this involution acts nontrivially on the Donaldson-Floer
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homology of Σ, (c.f. [A1], [S]). In this paper we will show that the involution f
also acts nontrivially on the Heegard-Floer homology group HF +(Σ) of Σ, which was
deﬁned in [OS1]. We will deduce the proof from the construction of [A2] and the 4-
manifold invariants of [OS3]. This gives a possible way of changing smooth structures
of 4-manifolds that contain W (such codimension zero contractible submanifolds are
usually called “corks”, e.g. [K], [M], [S], and they can be made Stein [AM]).
0
+1
γ
γ ⊂ S3 Σ(2,5,7)
0
Figure 2.
By [AK], the boundary of the 4-manifold in the ﬁrst picture of the Figure 2 is
the Brieskorn homology sphere Σ(2,5,7), which we can relate to Σ as follows: The
second picture of Figure 2 is obtained by attaching a +1 framed 2-handle to W,
hence the boundary is S3 (since the 0-framed 2- handle slides over the +1 framed
handle, and cancels the 1-handle). So, in this picture, γ is just a loop in S3, which is
drawn nonstandardly. It is easily seen that in the standard picture of S3, the loop γ
corresponds to the (−3,3,−3) pretzel knot K ⊂ S3 as shown in Figure 3 (e.g. [AK]).
K
Figure 3.3
Note that doing r+1 surgery to γ corresponds to doing r surgery to K in S3, which
we will denote by S3
r(K). Hence S3
1(K) = Σ(2,5,7) and S3
−1(K) = Σ. We will use
this identiﬁcations in the Heegard-Floer homology calculations of the next section.
1. Calculating the Heegaard-Floer Homology HF +(Σ)
We ﬁrst calculate the Heegaard-Floer homology of Σ(2,5,7) using techniques of
[OS5], from this and the surgery exact sequence of [OS2] we will deduce the Heegaard-
Floer homology of Σ.
From [AK] we know that Σ(2,5,7) is the boundary of the negative deﬁnite plumbing
of disk bundles over 2-spheres described by the following plumbing graph:
-2
-4
-1 -3
∂ ≈ Σ(2,5,7)
v5
v3
v4
v1
v2
-1
-2
-5
-4 -2
∂ ≈
Figure 4.
This graph is negative deﬁnite and has only one bad vertex v1 in the sense of [OS5],
i.e., only [v1]   [v1] > −d(v1) where d(v) counts edges containing v.
In the notation of [OS5] we write Σ(2,5,7) = ∂X(G) = Y (G), and we compute
HF
+(−Y (G)) ∼ = H
+(G)
where H+(G) is a group which can be calculated by the algorithm of [OS5] for negative
deﬁnite (possibly disconnected) trees G with at most one bad vertex. Here we follow
this algorithm (for the terminology, we refer to [OS5]):
First we need to ﬁnd characteristic vectors K satisfying
(1) [v]   [v] + 2 ≤  K,[v]  ≤ −[v]   [v].
We remark that there are only ﬁnitely many such vectors since G is a deﬁnite
graph, in particular there are 80 characteristic vectors satisfying (1) for the given
graph. Proposition 3.2 in [OS5] characterizes a spanning set for K+(G) which is the
dual point of view for H+(G). Among the 80 characteristic vectors satisfying (1) we
look for those vectors K which carry full paths ending at vectors L for which −L
satisﬁes (1). There are precisely three such vectors K and we list them and also the
full paths for convenience (paths are obtained by consecutively adding 2PD(vi) for
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K1 = 12v1 + 6v2 + 3v3 + 4v4 + 2v5 path: 1,2,1
K2 = −8v1 − 4v2 − v3 − 2v4 − 2v5 path: 1,2,1,5,4,1,2,1,3,1,2,1,4,1,2,1,5
K3 = −16v1 − 8v2 − 3v3 − 4v4 − 2v5 path: 1,2,1
All other equivalence classes in K+(G) can be obtained using the U-action from
these vectors. We must check which are distinct. From now on, we will write the
vectors as 5-tuples with entries  K,[vi] , hence Ki will be denoted as
(1,0,−3,−2,0), (1,0,−3,−2,2), and (1,0,−1,−2,0).
The following diagram shows how U ⊗ K1, U ⊗ K2 and U ⊗ K3 are equivalent to
(−3,4,1,2,0), and hence to each other:
K1
K3
K2
(−3,4,1,2,0)
(−3,4,1,2,0)
(−3,4,1,2,0)
2 4 1 1
1 1 1 1 1 1 1 1 1 1 2 4 3 2
5 5
2 2 3 4
1
1
1 1 1 1 2 4 3 2
4 1
1
5
2 1 1 2 3 4
1 5
1
2 1
1
4
1 1 2 3
2 1
1
Figure 5.
In the above ﬁgure, vertices correspond to characteristic vectors and an edge ending
with a number i means 2PD(vi) was added to previous vector to reach the new one.
Edges with positive slope mean tensoring with U. Hence ﬁrst diagram represents the
vectors (1,0,−3,−2,0),(−1,2,−1,0,0),(−3,4,1,2,0) which tells us that
(1,0,−3,−2,0) ∼ (−1,2,−1,0,0) and U ⊗ (−1,2,−1,0,0) ∼ (−3,4,1,2,0)
Hence each Ki lies on the same grading level and we can check this by calculating
K   K + |G|
4
which gives zero for each Ki. Therefore we conclude: HF +(−Y (G)) ∼ = T
+
0 ⊕Z(0)⊕Z(0)
By Prop 7.11 of [OS3] we can convert this to the Heegard-Floer homology of Y (G):
HF
+
∗ (Y (G)) = HF
−∗−2
− (−Y (G)) = T
+
0 ⊕ Z(−1) ⊕ Z(−1)
To do this, we ﬁrst use the following long exact sequence to compute HF −(−Y (G)):
... → HF
−(−Y (G)) −→ HF
∞(−Y (G)) −→ HF
+(−Y (G)) → ...
then we adjust gradings by changing the signs and substracting −2. Note that here
we adapted the convention of [OS5] by denoting T +
s =
 ∞
k=0 Z(s+2k). So we have:
HF
+(Σ(2,5,7)) = T
+
0 ⊕ Z(−1) ⊕ Z(−1)5
Lemma 1. HF +(Σ) ∼ = T
+
0 ⊕ Z(0) ⊕ Z(0).
Proof. Let us consider the Heegard-Floer homology long exact sequence of [OS2] for
the (−3,3,−3) pretzel knot K ⊂ S3 :
... → HF
+(S
3) −→ HF
+(S
3
0(K)) −→ HF
+(S
3
1(K)) → ...
Recall that the middle two arrows in the sequence decrease the gradings by 1/2. Since
S3
1(K) = Σ(2,5,7) we know 2 out of 3 terms of the exact sequence, from this we can
compute the third term HF +(S3
0)(K) = T
+
(1/2) ⊕T
+
(−1/2) ⊕Z(−1/2) ⊕Z(−1/2), as shown
in the diagram:
... → HF +(S3) −→ HF +(S3
0(K)) −→ HF +(Σ(2,5,7)) → ..
: :
Z(4) XXX z
Z(9/2) XXX z
:
Z(7/2) Z(4)
Z(2) XXX z
Z(5/2) XXX z
Z(3/2) Z(2)
Z(0)
g XX z Z(1/2) XXX z
nonzero Z(−1/2) ⊕ Z(−1/2) ⊕ Z(−1/2) XX z Z(0)
Z(−1) ⊕ Z(−1)
Now by plugging in this value of HF +(S3
0(K)) in the Heegard-Floer homology exact
sequence of the knot K in S3 below (this time involving −1, 0, and no surgeries), we
calculate the Heegard -Floer homology of Σ = S3
−1(K) to be
HF
+(Σ) ∼ = T
+
0 ⊕ Z(0) ⊕ Z(0)
... → HF +(S3
−1(K)) −→ HF +(S3
0(K)) −→ HF +(S3) → ..
: :
Z(4) XXX z
Z(9/2) XXX z
:
Z(7/2) Z(4)
Z(2) XXX z
Z(5/2) XXX z
Z(3/2) Z(2)
Z(0) ⊕ Z(0) ⊕ Z(0) XX z Z(1/2) XXX z
Z(−1/2) ⊕ Z(−1/2) ⊕ Z(−1/2) Z(0) h XX z
zero
In these calculations we used the fact that all the groups are equipped with U-action
(an action of Z[U] which lowers the grading by −2), and the maps are equivariant
with respect to this action.6 SELMAN AKBULUT AND SELAHI DURUSOY
Also we used two additional facts, which were explained to us by P. Ozsv´ ath: The
lower left map g of the ﬁrst diagram is nonzero, and the lower right map h of the
second diagram is zero. Explanation: By using Theorem 1.4 of [OS6] and Theorem
6.1 of [OS7] we can calculate HF +(S3
0(K)) independently, and by the exact sequence
and the fact that g has to lower the degree by 1/2 implies that g must be nonzero.
The map h is zero because it is obtained by summing over the maps induced by a
cobordism (Z,s) with Spinc structures s (extending the one on the boundary). Z has
signature −1 and there are two such Spinc structures which cancel each other.
2. Heegard-Floer homology action on W
Let W0 be the punctured W (i.e. W −B4). We want to compute the map induced
by the cobordism W0 [OS2]
F
+
W0 : HF
+(Σ) → HF
+(S
3).
W consists of S1 × B3 with a 2-handle attached. By turning W upside down we
see W0 is a union of cobordisms W1 from Σ to S1 × S2, and W2 from S1 × S2 to
S3 (a 3-handle). Hence we have the decomposition F
+
W0 = F
+
W2 ◦ F
+
W1. The map
F
+
W2 : HF +(S1×S2) → HF +(S3) is well understood, it is obtained by the projection
T
+
1/2 ⊕ T
+
−1/2 → T
+
−1/2
∼ = → T
+
0
The second map is U-equivariant, in particular it maps the lowest degree generator
Z(−1/2) of T
+
−1/2 to the lowest degree generator Z(0) of T
+
0 . So it is suﬃcient to
understand the map F
+
W1 : HF +(Σ) → HF +(S1 × S2). Notice W1 is obtained by
attaching a 2-handle to Σ = ∂W along the loop δ with 0-framing (see Figure 6).
0
W
δ
Y
+1
Figure 6.7
Denote the manifold obtained from Σ, doing k-surgery to δ, by Σk(δ). Note that
Σ0(δ) = S1 × S2 and Σ1(δ) is the second manifold of Figure 6, which we will call Y
to simpilfy the notation. We can write the corresponding Heegard-Floer homology
exact sequence of δ ⊂ Σ:
(2) ... → HF
+(Σ) −→ HF
+(Σ0(δ)) −→ HF
+(Y ) → ...
F
+
W1 is just the ﬁrst map in the exact sequence, to compute it we need to know the
third term in the sequence. To calculate HF +(Y ) we use the Heegard-Floer exact
sequence of the knot β ⊂ Y of Figure 7.
... → HF
+(Y ) −→ HF
+(Y0(β)) −→ HF
+(Y1(β)) → ...
It is easy to check that Y0(β) is the manifold obtained by 0-surgery to the ﬁgure eight
knot, and Y1(β) is −Σ(2,3,7). In [OS4], [OS5] homologies of these were computed :
HF +(Y0(β)) = T
+
1/2⊕T
+
−1/2⊕Z(−1/2) and HF +(−Σ(2,3,7)) = T
+
0 ⊕Z(0). By plugging
these to the last exact sequence we compute
HF
+(Y ) = T
+
0 ⊕ Z(0) ⊕ Z(0)
By plugging the value HF +(Y ) in the previous exact sequence (2) we see that the
+1
β
0 +1
−Σ(2,3,7)
Figure 7.
map F
+
W1 : HF +(Σ) → HF +(S1 × S2) is given by the obvious projection and the
inclusion (where the middle map is an U-equivariant isomorphism)
T
+
0 ⊕ Z(0) ⊕ Z(0) → T
+
0
∼ = → T
+
−1/2 → T
+
−1/2 ⊕ T
+
1/2
Hence the map F
+
W0 : HF +(Σ) → HF +(S3) is given by the obvious projection
(3) T
+
0 ⊕ Z(0) ⊕ Z(0) → T
+
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3. Nontriviality of the involution f
Let Z be the K3 surface constructed in [A1]. It was shown that Z #CP 2 decom-
poses as the union of two codimension zero submanifolds glued along their common
boundries
Z #CP 2 = N ∪ W
where W is the Mazur manifold of Figure 1, furthermore by identifying N and W via
the involution f : Σ → Σ (instead of the identity) gives the decomposed manifold
N ∪f W = 3(CP 2)#20CP 2
Now let us remember the 4-manifold invariants of [OS3]: Let (X,s) be a smooth
closed 4-manifold with a Spinc structure s such that it is decomposed as a union of
two codimension zero submanifolds glued along their boundaries X = X1 ∪∂ X2 with
b
+
2 (Xi) > 0 , i = 1,2. Call Y = ∂Xi. By puncturing each Xi in the interior we get
two cobordisms: X′
1 from S3 to Y , and X′
2 from Y to S3.
S3
S3
Y
Σ f
S1 × S2
W1
N2
N1
X
W
X′
2
X′
1
W2
Figure 8.
Since b
+
2 (X′
i) > 0 maps F ∞
X′
1 and F ∞
X′
2 induced by cobordism are zero (upper right and
lower left vertical arrows in the diagram), hence the following commuting diagram9
... −→ HF +(S3)
δ −→ HF −(S3) −→ HF ∞(S3) −→ ... 
 
 
 F
−
X′
1

 zero
... −→ HF ∞(Y ) −→ HF +(Y ) =⇒ HF −(Y ) −→ HF ∞(Y ) −→ ... 
 zero
 
 F
+
X′
2

 

 
... −→ HF ∞(S3) −→ HF +(S3) −→ HF −(S3) −→ HF ∞(S3) −→ ...
induces a well deﬁned map: F mix
(X,s) : HF −(S3) → HF +(S3). Then the Ozsv´ ath-Szab´ o
invariant Φ(X,s) ∈ Z is the degree of this map on Z(−2) generator (in particular the
invariant doesn’t depend on the splitting of X). By [OS4], [OS8] we know that this
invariant is zero on 3(CP 2)#20CP 2 while it is non-zero on K3#CP 2 (actually to
get this conclusion we also need to show that either the homotopy K3 of [A2] is
diﬀemorphic to actual K3, or directly apply the technique of [OS8] to show that it
has nonzero invariant - either way works.). Also, since this invariant is independent
of splittings, we can further split X = Z #CP 2 as shown in Figure 8, and decompose
F
+
X′
2 = F
+
W0 ◦ F
+
N2
We can view the manifold N ∪f W as being obtained from N ∪ W by cutting it
along Σ and sticking in the cobordism manifold H = Σ × [0,1/2] ∪f Σ × [1/2,1].
Also the involution f induces a map f∗ : HF +(Σ) → HF +(Σ) via the cobordism H,
(f∗ = F
+
H in [OS3]’s notation). So the nonzero invariant of Z #CP 2 is obtained by
computing the degree of the map:
Z(−2)
λ → T
+
0 ⊕ Z(0) ⊕ Z(0) → T
+
0
(where λ is some map and the second map is the projection) whereas the zero invariant
of 3(CP 2)#20CP 2 is obtained by computing the degree of the map:
Z(−2)
λ → T
+
0 ⊕ Z(0) ⊕ Z(0)
f∗
→ T
+
0 ⊕ Z(0) ⊕ Z(0) → T
+
0
Note that since H is diﬀeomorphic to the product Σ×[0,1] the U-equvariant map
f∗ should look like the identity map. At ﬁrst glance this appears to contradict the
above result. The explanation is that, the two ends of H are diﬀerent copies of Σ, only
when we ﬁx the both ends by a reference copy of Σ, then f∗ becomes an isomorphism
permuting two of the zero degree generators of T
+
0 ⊕Z(0) ⊕Z(0). More speciﬁcally, f∗
permutes the zero degree generator of T
+
0 with one of the generators of the remaining
Z(0) ⊕ Z(0). So, actually f∗ is only a U-equivariant isomorphism, which happens to
diﬀer from the identity isomorphism. Hence we proved:
Theorem 2. f : Σ → Σ induces a nontrivial involution f∗ : HF +(Σ) → HF +(Σ).10 SELMAN AKBULUT AND SELAHI DURUSOY
If (M,s) is any smooth cobordism from S3 to Σ with Spinc-structure s, and
b
+
2 (M) > 1, then Ozsv´ ath-Szab´ o procedure gives a map F mix
(M,s) : HF −(S3) → HF +(Σ).
Previous theorem gives a potential way of detecting exotic smoothings of 4-manifolds.
Corollary 3. Let Q = N∪∂W be a smooth closed 4-manifold with b
+
2 > 1 (the union is
taken along the common boundary Σ). Let N0 be the cobordism from S3 to Σ obtained
from N by removing a copy of B4 from its interior. Then the manifold Q′ = N ∪f W
is a fake copy of Q, provided that the image of the map F mix
(N0,s)HF −(S3) → HF +(Σ)
lies in T
+
0 for some s.
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